THE EULER SYSTEM OF CYCLOTOMIC UNITS AND HIGHER 

FITTING IDEALS 



TATSUYA OHSHITA 



Abstract. Kurihara established a refinement of the minus-part of the Iwasawa 
main conjecture for totally real number fields using the higher Fitting ideals ( |Ku] ) . 
In this paper, we study the higher Fitting ideals of the plus-part of the Iwasawa 
module associated to the cyclotomic Z p -extension of Q(/x p ) for an odd prime number 
p by similar methods as in |Kuj . We define the higher cyclotomic ideals {Ci}j>cb 
which are ideals of the Iwasawa algebra defined by the Kolyvagin derivatives of 
cyclotomic units, and prove that they give upper bounds of the higher Fitting 
ideals. Our result can be regarded as a refinement of the plus-part of the Iwasawa 
main conjecture for Q. 



I. Introduction 

The Iwasawa main conjecture describes the characteristic ideals of certain Iwasawa 
modules. The characteristic ideals give various important knowledge on the structure 
of finitely generated torsion Iwasawa modules, but these are not enough to determine 
the pseudo-isomorphism classes of them (cf. §2) completely. The pseudo-isomorphism 
classes of finitely generated torsion Iwasawa modules are determined by the Fitting 
ideals. In |Ku] . Kurihara proved that all the higher Fitting ideals of the minus-part of 
the Iwasawa modules associated to the cyclotomic Z p -extension of certain CM-fields 
coincide with the higher Stickelberger ideals, which are defined by analytic objects 
arising from p-adic L-functions (cf. |Kuj Theorem 1.1). His result is a refinement of 
the minus-part of the Iwasawa main conjecture for totally real number fields. 

In this paper, we study the plus-part of the Iwasawa modules by similar methods 
as in |Kuj . We obtain upper bounds of the higher Fitting ideals of the Iwasawa 
modules. The main tool in |Ku] is the Kolyvagin system of Gauss sums. Instead, 
in this paper, we use the Euler system of cyclotomic units, so we can only treat the 
Iwasawa modules associated to the cyclotomic Z p -extension of subfields of cyclotomic 
fields. 

We shall state the main theorem of this paper. Fix an odd prime number p. Let \i n 
be the group of all n-th roots of unity contained in an algebraic closure Q of Q. For an 
integer m with m > 0, let F m be the maximal totally real subfield of the cyclotomic 
field Q(yU p m+i). We denote the ring of integers of F m by Op m , and the (unique) prime 
of Fm above p by p m . We put := \J m > F m , and T m := Gal^/i^) for any 
m > 0. Let A := Z p [[Gal(F 0O /Q)]] = ^mZ p [Gal(F m /Q)]. We define a A-module 
X := hmA m , where A m is the p-Sylow subgroup of the ideal class group of F m and 
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the projective limit is taken with respect to the norm map. We say a A-module M is 
pseudo-null if its order is finite. Let Xfi n be the largest pseudo-null A-submodule of 
X, and X' := X/Xfi n . We study X' instead of X by a technical reason (cf. Lemma 

sip. 

Put A := Gal(F /Q). Since Gal(F 0O /Q) ~ A x T and the order of A is prime 
to p, we have a decomposition A = @ X A X , where x runs through all characters 

in A := Hom(A, Z*), and A x is a Z p -algebra isomorphic to Z p [[r ]] — Z p [[T]] on 
which A acts via x- Then for any A-module M, we decompose M = ® X M X , where 
M x := M ®a A x . Let annA x (X fin >x ) be the annihilator of X filliX as a A x -module. 

In this paper, we study the higher Fitting ideals {FittA x ,j(X x )}j> of X' x for a 

non-trivial character x G A. Note that X x and X' belong to the same pseudo- 
isomorphism class, so the pseudo-isomorphism class of X x is determined by the family 
{Fitt Axi i(^)}<> (cf. Example 

In the case of the plus-part, a problem lies in how to define the ideals which are 
substitutes for the higher Stickelberger ideals because we do not have elements as the 
Stickelberger elements in group rings of Galois groups. We shall define an ideal Cj of 
A, called the higher cyclotomic ideals €i for each i e Z> in §H1 by using the Euler 
system of cyclotomic units (cf. Definition 16. 6p . Roughly speaking, first, we shall 
define the ideals £j,F m ,iv of the group ring RF m ,N '■= ^/p N [Gsl(F m /Q)] generated 
by images of certain Kolyvagin derivatives K m ,N(0 by all RF m ,N-homomorphisms 

F X /(F X ) P *- RF m ,N , then we shall define by the projective limit of them. 

The goal of this paper is to prove the following theorem. 
Theorem 1.1. Let x £ A be a non-trivial character. 

(1) £ , x CFitt Ax . (X x ). 

(2) ann Ax (X fin , x ) Fitt Ax ,i(X x ) C d, x for i > 0. 

For the case of the trivial character, see Remark 17.71 By Theorem II. 1[ for % = 
0, we obtain both upper and lower bounds of FittA x ,o(X' ). Since "error terms" 
annA x (Xfi njX ) is an ideal of A x whose index is finite, Theorem II .11 for i = determines 
the characteristic ideal of X' which is equal to the characteristic ideal of X x (cf. 
Remark l7.9p . Therefore, our theorem can be regarded as a refinement of the Iwasawa 
main conjecture. We use the Iwasawa main conjecture in the proof, so we do not give 
a new proof of the Iwasawa main conjecture. On the other hand, for i > 1, we obtain 
only upper bounds of Fitt^^X'). 

Theorem 11.11 gives some knowledge on the structure of the "growing-part" X' along 
the cyclotomic Z p -extension of F Q . But it gives nothing on the pseudo- null-part Xg n . 
In particular, if the Greenberg conjecture holds (i.e. if X x is pseudo-null, for example, 
see [GrJ Conjecture 3.4), then our theorem says nothing. 

Remark 1.2. At the end of introduction, we remark on the case of Fq. Rubin 
determined the structure of A (cf. |Rulj . |Ru2j and |MRj ). In our notation, Rubin's 
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result implies that the ideals {£i,F ,N}i>o give the structure of A 0tX . For detail, see 
Remark 16.111 

Notation. In this paper, we use the following notation. 

We fix an algebraic closure Q of Q. In this paper, an algebraic number field is a 
subfield of Q which is a finite extension of Q. 

Let L/K be a finite Galois extension of algebraic number fields. Let A be a prime 
ideal of K, and A' a prime ideal of L above A. We denote the completion of K at 
A by K\. If A is unramified in L/K, the geometric Frobenius at A' is denoted by 
(X',L/K) G Gal(L/K). (Note that some authors use the inverse of our (X',L/K).) 

We fix a family of embeddings { £q : Q c >- Q e }^ pr ime satisfying a technical con- 
dition (A) as follows. 

(A) For any subfield if C Q which is a finite Galois extension of Q and any 
element o G Gal(ff/Q), there exist infinitely many prime numbers £ such 
that £ is unramified in K/Q and (£k, K/Q) = 0", where £k is the prime ideal 
corresponding to the embedding £q\k- 

We can prove the existence of a family satisfying the condition (A) by the Chebotarev 
density theorem easily. 

Let £ be a prime number. For an algebraic number field K, let £k be the prime 
ideal of K corresponding to the embedding £q\k- Then, if K\ D K 2 is an extension 
of algebraic number fields, we have £r 1 \£k 2 - 

For an abelian group M and a positive integer n, we write M/n in place of M/nM 
for simplicity. In particular, for the multiplicative group K x of a field K, we write 
K x /p N in place of K x /(K x ) pN . 

For a A-module M, we denote the r m -invariants (resp. r m -coinvariants) of M by 
M r ™ (resp. M r J. 

Let R be a commutative ring. For an i?-module M, we define ann^(M) to be 
annihilator of M. Namely, 

amifj(M) := {a G R \ am = for any m G M}. 
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2. Preliminaries 

In this section, we recall some preliminary results used in this paper. We use the 
same notation as in §1. In particular, F m is the maximal totally real subfield of the 
cyclotomic field Q(/i p m+i), and A = ZpffGa^Foo/Q)]]. 

2.1. Here, we briefly recall the plus-part of the Iwasawa main conjecture. 

First, we recall the definition of the characteristic ideals. Let x £ A be a character. 
Two A x -modules M and A" are said to be pseudo -isomorphic and we write M ~ A" if 

there is a A x -homomorphism M *- A" whose kernel and cokernel are pseudo-null. 

The relation ~ is an equivalence relation of finitely generated torsion A x -modules. For 
a finitely generated torsion A x -module M, there exists a finite sequence ft, f 2 , ■ ■ ■ , f n 
of non-zero elements of A x such that ft divides ft + i for 1 < i < n — 1 and M ~ 
©™ =1 A x //jA x . We define the characteristic ideal charA x (M) of M by 

char Ax (M) := ftf 2 ■ ■ ■ f n A x . 

Note that characteristic ideals are well-defined and depend on the pseudo- isomorphism 
classes. 

To state the Iwasawa main conjecture, we next recall some preliminary results on 
unit groups. 

For a subgroup M of the unit group Op m , we define M 1 by 

M 1 := {a G M \ a = 1 (mod p m )}. 

When M = O^, we write 0\ m in place of (OpJ 1 . 

We write F Vm for the completion of F m at the place p m . For a subset M of F m , let 
M denote the closure of M in F Pm . Let CV m be the group of cyclotomic units of F m 
(cf. [CS] Definition 4.3.1 or [Waj §8.1). We define 

0£:=fimO£, 

where the projective limit is taken with respect to the norm map. 

Proposition 2.1. (1) The A-module X is finitely generated torsion. 

(2) The A-module is free of rank 1. 

(3) The A-module is free of rank 1. 

Proof. The first assertion is a special case of |Wa] Lemma 13.18. The second assertion 
is |CS] Theorem 4.7.1. For the last assertion, see the proof of [CS] Theorem 4.4.1. □ 

Note that by Proposition O (2) and (3), the y-part {0*~/C£) x = (p£) x /(PDx is 
a finitely generated torsion A x -module. Then, by the Proposition l2.lt we can consider 
charA x (X x ) and charA x ((C^/C^)-^). The statement of the Iwasawa main conjecture 
is the following: 
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charA x (X x ) = charA x ((C^/CiJx) f° r an y character x £ A- 

2.2. Here, we recall some results on r m -coinvariants (or invariants) of certain A- 
modules. They play important roles in the technical aspects in this paper. In partic- 
ular, we need them when we determine "error terms" in Theorem 11.11 

Proposition 2.2 (a special case of |Wa] Proposition 13.22). Letm be an integer with 
in > 0. Then, we have the canonical isomorphism 

Xr m ^ A m . 



For each m > 0, we define 

N °o(O x F J := p| N Fn/Fm (Ol), 

n>m 
n>m 

and 

n>m 

Note that we have N^OpJ = N^OpJ. 
Proposition 2.3. Let m be an integer with m > 0. 



(1) The canonical homomorpkism pr(m, C) : (C^)^ *■ Cp is surjective. The 

kernel ofpv(m,C) is isomorphic to Z p with the trivial action of Gal^F^/Q). 
f jCS] Theorem 4.6.3.) 

(2) The image of the canonical homomorphism pr(m, O 1 ): (C^)r m *" ^ s 

Noo(O f ). T/ie kernel o/pr(m, (9 1 ) isomorphic to 7L V with the trivial action 
o/GalfPoo/Q). ([CS] Theorem 4.7.4.) 



The following corollary immediately follows from Proposition 12.31 

Corollary 2.4. For allm > and non-trivial character x £ A, we have the following 
canonical isomorphisms of 7j p [Gdl(F m /Q)}-modules: 



(1) (cyiw-(ci 

(2) (<^)r m , x * iVoo(^Jx- 

Proposition 2.5 QCSJ Theorem 4.7.6). For all m > 0, we have the canonical iso- 
morphism of Zj p [Gdl(F m /Q)}-modules 



Corollary 2.6. T/ie A-module Op /N^iOp ) is annihilated by annA(Xg n ) 
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Proof of Corollary \2. 61 Since Xr m is isomorphic to the finite group A m by Proposition 
12. 2\ the A-module X Tm is pseudo-null. Then, X Vm is contained in X^ a . Hence 
Corollary 12.61 follows from Proposition 12.51 □ 

Remark 2.7. By Leopoldt's conjecture for F m (cf. |Waj Corollary 5.32), we have the 
natural isomorphism 

Then, we have the following isomorphisms: 

(1) Ol m ®TL v ^O\ m ®TL p ^^ 

(2) N OD (O^J^Z p ^N OD (0 1 F J^Z p ^N 00 (d£); 

(3) C* Fm ®Z p ^C l ®Z p ^Cl m . 



3. Fitting ideals 



Here, we recall the notion of higher Fitting ideals. 

Definition 3.1 (Higher Fitting ideals, see |Noj §3.1). Let R be an commutative ring, 
and M be a finitely presented .R-module. Let 

Rm _J_^ Rn _ M ^ o 

be an exact sequence of i?-modules. For each i > 0, we define the i-th Fitting ideal 
Fittfl i j(M) as follows. When < i < n and m > n — i, we define Fitt^j(M) to be 
the ideal of R generated by all (n — i) x (n — i) minors of the matrix corresponding 
to /. When < i < n and m < n — i, we define FittH,i(M) := 0. When i > n, we 
define Fitt^^M) := R. The definition of these ideals depends only on M, and does 
not depend on the choice of the above exact sequence. 

For a finitely presented -R-module M, we have the following sequence of ideals of 

R: 

Fitt fl ,o(M) C Fittfl,i(M) C • • • C Fittfl, n (M) = Fitt R>n+1 (M) = ■ ■ ■ = R. 

We denote the smallest number of generators of an i?-module M by vr(M). If 
Fittfl >n (M) 7^ R, then Ur(M) > n + 1. Note that when R is a local ring or PID, we 
have u R (M) = i + 1 if and only if Fitt^M) ^ R and Fitt^ i+ i(M) = R. 

Example 3.2. Let R = Z P [[T]] and M a finitely generated torsion i?-module. Assume 

n 

M ~ Q) R I fi R 

i=l 

and fi divides fc+i for 1 < % < n — 1. Then, for each % with % > 0, there exists an 
ideal with finite index in R such that 



FitWM) 



(UUfkjli (ifi<n) 
Ii (if i >n) 
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(cf. |Ku] Lemma 8.2). This implies that the family {Fitt^ i i(M)}i>o of Fitting ideals 
of M determines the pseudo-isomorphism class of M. 

We need the following lemma in the proof of Theorem 11.11 

Lemma 3.3 (for example, see [Kuj Theorem 8.1). Let R = Z P [[T]] and M a finitely 
generated torsion R-module. Suppose M contains no non-trivial pseudo-null R-submodule. 
Then, there exists an exact sequence 

>■ R n R n M 

for some integer n > 0, and we have 

Fittfl, (M) = char^M). 

4. The Euler system of cyclotomic units 

We first recall some basic results on the Euler system of cyclotomic units in § §4. 14 - 
14.31 Then, in §4.4[ we define Kurihara's elements x u<q G (F£/p N ) x , which play a key 
role in the proof of Theorem ll.il (cf. Definition 14.161) . 

4.1. We fix a primitive p m+1 -st root of unity p m G Q(fi pm +i) for each m > such 
that f? m+ i = p m , and a topological generator e G Z >0 of Z* . We have the following 
lemma. 

Lemma 4.1 QWaJ Lemma 8.1). We define the element cyc(p m ) of Cp m by 

-e/2 _ e/2 

cyc(p m ) := _ i; 1/2 . 

Pm Pm 

Then, the Z[Gal(F m /Q)] -module Cf,„ is generated by ±cyc(p m ). 

Corollary 4.2 ( |USj Lemma 4.3.4 ). The A-module is generated by (n-cyc(p m )) m>Q , 
where u is a (p — l)-st root of unity in Q p such that eu = 1 (mod p). 

For an integer N > 1, we define 

Sn '■= \J- I £ is a prime number not dividing e, and I = 1 (mod p N )}, 

r 

ATn := {]Jti \r>0, lieS N (z = l,...,r), and ^ ^ ^- if i ^ j} U {1}, 

8=1 

and for any algebraic number field K, we define 
SjvC-K") := {£eS N \£ splits completely in K/Q}, 

r 

Af N (K) := {l[£ t | r > 0, it e S N (K) (i = l,...,r), and ^ ^ if i ^ j} U {1}. 

i=l 

For n = n[=i ^» e -^Jv (-^ G <^iv for i = 1, . . . , r), we define e(n) := r. 
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Definition 4.3. For n G JVjv and ( G // p m+i ri \{l}, we define 

£-e/2 _ £e/2 

cyc(C) := c _ 1/2 _ C i /2 e ^m(n), 
where F m {n) denotes the maximal totally real subfield of Q(/i p m+i n ). 

We obtain the following lemma immediately. 
Lemma 4.4. Let n G Mn- 

(1) Le£ £ G <S/V; assume £ does not divide n. Let Q G fi£ be a primitive t-th 
root of unity, and!; G /! p m+i n \{l}. Then 

^F m (n<)/F m (n)(cyc(C<0) = ^T^" 

(2) Let £ G /i n . T/ien 

^F m+1 (n)/F m (n)(cyc(p m+ iO) = CVc(p m £ P ). 

4.2. From now on, we assume N > m + 1. Let n G Ajv- In this subsection, we shall 
define an element G F^/p N called Kolyvagin derivative for any primitive £ G 
(In fact, we will define more general one. See Definition 14.81) . 

For an integer n prime to p, we write n = Y[ i= i sucn that • • • > &r are distinct 
prime numbers and > for each i. We define F m (n) to be the maximal totally real 
subfield of Q(/i p m+i n ), and H Fm n : = Gal (F m (n)/F m ). Then, for any m > 0, we have 
canonical isomorphisms 

H Fm ,n = Gal (F m (n)/F m ) ~ Gal (Q(/V*+i n )/Q(/V B+1 )) 
~ Gal (QO„)/Q) 

~ Gal (Q(^)/Q) x • • • x Gal (Q(/#)/Q) 

~ X • • • X .ff^r . 

For all m with m > 0, we identify HF m , n with Hp , n by canonical isomorphisms, and 
put if n := H Fojn . 

Recall He is a cyclic group of order £ — 1 if £ is a prime number. We shall take a 
generator cr^ of H e for each prime number £ G «Sjv as follows. Let £ G <Sjv- We put 
Nyy := ord p (£ — 1), where ord p is the normalized additive valuation of £, namely, 
ordp(p) = 1. Then, we have N^y > N > 1. By the fixed embedding £q\ Q 



?! 



we regard /x jv {£} as a subset of Q<?. We identify Gal \Qi(fJ>t)/Qi) with if, 



Gal (Q(/i^)/Q) by the canonical isomorphism. Let A' be the maximal p-extension 
field of F m contained in F m (£), and 7r the prime element of Ki K . We fix a generator 
at of such that 



where £k is the maximal ideal of Ki K , and pN {e) -i is a primitive p^W-th root of unity 
defined as above. Note that the definition of oi does not depend on the choice of tt. 

Let n G Mm- We define the following elements of the group ring 7j[H n ]. 
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Definition 4.5. Let n = Yli=i ^ e -Mv such that £i G <Sjv for i = 1, . . . , r. We define 

4-2 

:= £ fco* G Z[#,J C Z[if n ] 

k=l 

for i = 1, . . . , r, and 

r 

D n = X[D k eZ[H n ]. 

8=1 

In order to define /«(£), we need the following two well-known Lemmas. 
Lemma 4.6. Let n\,n 2 G A/at satisfying (ni,n 2 ) = 1. VKe put n = nin 2 . Then, the 
canonical map F m (ni) x /p N >■ (F m (n) x / p NS ) 712 is isomorphism. 

Lemma 4.7. Lei n 1 ,n 2 G A/jv- Assume £ G ^(-^mO^i)) / or eac/i prime divisor £ of 
n 2 . Namely, £ = 1 (mod p N n{) for each prime divisor £ of n 2 . We put n = n\n 2 . 
Let £ ni G /i ni 6e a primitive ni-st root of unity, and £„ 2 G /i„ 2 a primitive n 2 -nd 
root of unity. Then, the image of cyc(p m £ ni £ n2 ) Dn2 m F m {n) x /p N is fixed by H n2 = 
Gal(F m (n)/F m (m)). 

Definition 4.8. Let ni,n 2 G A/jv- Assume £ G iS7v(F m (ni)) for each prime divisor of 
n 2 . We put n = n\n 2 . Let £ G // n be a primitive n-th root of unity. We define 

^AO £ FmM* / P N 

to be the unique element of F m (ni) x /p N such that its image in F m (n) x /p is the 
class of cyc(p m £) Dn2 . When no confusion arises, we denote k" 1 jv (^) by for 
simplicity. 

When rii — 1) the element G F£/p N is denoted by /c(£). 

4.3. Let i? FmijV := Z/p N [GaX(F m /Q)]. Let x G A be a character. We define 
RF m ,N, x '■= Z/p N [Gal(F m )/Q] x to be the y-pa rt of Rf^n- Namely, R.F m ,N,x is the 
ring isomorphic to T, / p N [Qdl(F m / Fq)] on which A acts via \. Obviously, we have 

RF m ,N = Ar m /p N , RF m ,N, x = ^X,rm/P N and R F m ,N = Q RF m ,N, X > 

where Ap m (resp. A Xi r m ) denotes the r, m -coinvariant of A (resp. A x ). For a R Fm N - 
module M and an element x G M, we denote the ^-component of x by x x G M x . 

As in [Kuj §2.3, in this subsection, we shall define two homomorphisms 

[■}F m ,N, x : ( F m/P N )X ^RF m ,N, x 

for each £ G Sn (cf. Definition 14. 9p . and 

$F m (n),N, X - {F m {n) X /p N ) x >- i^, x [#n] 

for each n G A/jv and £ G S^fF^ri)) (cf. Definition I4.10p . The homomorphism 
[•]^ mj jv, x is defined by the valuations of the places above £, and ypr n \ N x is defined 
by the local reciprocity maps. 
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First, we define [-} FmtNjX - Let K be an algebraic number field. We define X K to be 
the group of fractional ideals of K, and we write its group law additively. We define 
the homomorphism (-)k'- K x ^Ik by 

{x)k = ^ord A (:r)A, 

A 

where A runs through all prime ideals of K, and ordA is the normalized valuation of 
A. For any prime number £, we define X K to be the subgroup of Xk generated by all 

prime ideals above £. Then, we define {-) K : K x *~%k by 

\\e 

Recall that we fix a family of embeddings { £q : Q c *- Q £ }£ :pr i mc (cf. §1 Notation), 

and we denote the ideal of K corresponding to the embedding £q\k by £k for each 
prime number £ and algebraic number field K. Assume £ G S^(K) and K/Q is Galois 
extension. Then, X l K is a free Z[Gal(X/Q)]-module generated by £k, and we iden- 
tify X K with Z[Gal(K/Q)] by the isomorphism t: Z[Gal(fT/Q)] —^X K defined by 

x\ — y x ■ £ K for x G Z[Ga\(K/Q)]. The composition K x X l K Z[Gal(tf/Q)] 

is also denoted by (-) K . 

Definition 4.9. We define the R Fm ^^-homomorphism 

[■} Fm ,N, x .(F x /p N ) x ^(X F Jp N ) x 

to be the homomorphism induced by {-) Fm '■ F x >- X Fm . 

Let £ G iSat. We define the R Fmt N, x ~ homomorphism 

{F x /p N ) x - R Fm ^ x = Z/^[Gal(F m /Q)] x 

to be the homomorphism induced by {-) Fm : F x >- Z[Gal(F m /Q)] . 

Second, we will define 4> Fm ( n ) N x - Let n G Mn, and £ G SN{F m {n)). Since we 
assume N > m + 1, the prime number £ splits completely in F m (n)/Q, and we have 
F m (n)x = Qe for any prime ideal A of F m {n) above £. We regard the group as a 
Z[Gal(F m /Q)]-module with the trivial action of Gal(F m /Q), and groups ®x\ t F m {n)^ 
and A ^-£/£ are regarded as Z[Gal(F m /Q)]-modules by the identification 

0«=4 W %Q; and 0^ = 4 m(B) ®^, 

respectively. 
We denote by 

H t ■ Qe ^ Gal (QM/Qe) = Gal (Q(^)/Q) = H e 
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the reciprocity map of local class field theory defined by (j)Q e (£) = (Aj(w)> 
The homomorphism 

0/ m(n) : F m {nY -Z[Gal(F m (n)/Q)] ® H e 

is defined to be the composition of the three homomorphisms of Z[Gal(F m (n)/Q)]- 
modules: 

diag: F m (n) x 0a|/^»»(")a> 

©</>Q, : 0a|^«»a -0a|€#<> 

® Mi H e ^Z[Gal(F m (n)/Q)]®H £ , 
which are defined as follows: 

(1) the first homomorphism diag is the diagonal inclusion; 

(2) the second homomorphism ©</>q £ is the direct sum of the reciprocity maps; 

(3) the third isomorphism ijj 1 is the inverse of the isomorphism 

l h : Z[Gal(F ro (n)/Q)] ®H e ^ A| , H t = l Fm{n) ® H t , 
which is induced by the above isomorphism 

t:Z[Gal(F ro (n)/Q)]-^4 m( „) 
given by x i — > x ■ £ Fm{n) . 
Definition 4.10. Let n G A/jv, and £ G S N (F m (n)). We define 

<l>F m (n),N, x ■ (F m (nr/p N ) x Z/p N [Gal(F m (n)/Q)] x ® H t 

to be the homomorphism of R Fm7 N iX [H n ]-m.odvies induced by <fip m f n y The choice of a 
generator o~t of Hp induces the R Fm ^^[ifnj-homomorphism 

fc(n) m ,N, x - ( F ( n )m/P N )x * Z[Gal(F m (n)/Q)] x = R FmtNtX [H n ) . 

Next, we shall prove some formulas of the Euler system of cyclotomic units. We 
fix a primitive £-th root of unity & for each £ G Sjy. For each n G A/jv, we define a 
primitive n-th root of unity by 

c, n 

As in |Kuj . we use the notion well-ordered. 

Definition 4.11. Let n G A/jv- We call n well-ordered if and only if n has a factor- 
ization n = YYi=i^i sucn that £i + i G 5'(F m (rj* =1 £j)) fori = 1, . . . , r. In other words, 
n is well-ordered if and only if n has a factorization n = n[=i ^ sucn that 

j 

£ m = l (mod^Jp,-) 

J=l 

for i = 1 , . . . , r — 1. 
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Proposition 4.12. Let n be an integer contained in A/jv. 

(1) If X is a prime ideal of K not dividing n, the X-component of [K(£n)x]F m ,N,x ^ s 
0. In particular, if q e Sn is a prime number not dividing n, we have 

(2) Let £ be a prime number dividing n. Then, 

[<in)x\ Fm ,N,x = -^F m ,N,x( K ^r l /e) x )- 

(3) If n is well-ordered, then 

4>F m ,N, X (4Qx) = 

for each prime number £ dividing n. (See [MRj Theorem A. 4.) 

Remark 4.13. The third assertion of Proposition 14.121 is cyclotomic unit version of 
Lemma 5.3 in |Kuj . and also a special case of |MR] Theorem A. 4. In this paper, using 
the argument in [Kuj . we shall directly give a proof of Proposition 14.121 (3). 

Proof. Let us prove Proposition 14.121 

We prove the first assertion. If A is a prime ideal of F m not dividing pn, the A- 
component of [«(6n)x]-Fm,iv,x is since F m {n)/F m is unramified outside pn. Let p m be 
the (unique) prime ideal of F m above p, and *p a prime ideal of F m {n) above p m . The 
ramification index of is 2. Since p ^ 2, the p m -component of [n{^n) x ]F m ,N,x ^ s 0- 
The proof of the first assertion is complete. 

The second assertions is |CS] Theorem 5.4.9. Note that U := — 4>F m ,N, x * s use d in 
|CS] instead of our 0^ mjA r )X - 

We shall prove the third assertion. Assume n = Y[ i= i 4 e A/jv, where £ \ . . . . , £ r are 
distinct prime numbers, and 4+1 = 1 (mod p N n}=i ^j) f° r eacn i = 1, ■ ■ ■ ,r — 1. We 
put ni := n}=i ^i- Note i\ G S^{F m {n)). It is sufficient to prove the following claim. 

Claim 4.14. ^ m(B1 )^(« Bl (^)) = 0. 

Let A be a prime ideal of F m (ni) above 4, and A' the prime of F m {ri\£i) above A. 
Let 7r' be a prime element of F m (n\£j)\i . We take the prime element n of F m (n\)\ 
defined by 

n '■= NF^n^^/F^n^S 71 ')- 

We have a decomposition F m (ni)^/p = U x P as a group, where U is the image 
of the unit group of F m (nili)\ and P is the cyclic subgroup generated by the image 
of 7i. Both group U and P are cyclic groups of order p N . The group U is generated 
by the image of a p ^-th root of unity in F m (ni)\. 

Similarly, we have the decomposition F m (ni£i)y / p N — U' x P' as a group, where C/ 7 
is the image of the unit group of F m (n\£i)\i and P' is the cyclic subgroup generated 
by the image of tt'. Both group U' and P' are cyclic groups of order p N with the 
action of Hi. . 
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We consider the homomorphism <pQ et N'- F m (ni)% 

fpK = Qx/p* ^ H e <g> Z/p N Z 

induced by (f)q e . By local class field theory, the kernel of 4>q ( ,n is P- On the other 

hand, the kernel of the natural homomorphism l: F m {n\)^ /p N *~ F m (ni£i)y / p N 

is also P. Then, we have ker 4>Q e< N — ker i. 

We shall show that i(ft ni (£ n )) = 1. Let A" be a prime ideal of F m {n) above A. 
Since F m (n)\n / F m {n\)\ is unramified and cyc(p m £ n ) is a unit in F m (n)x", the element 
K nA (£ n ) is contained in U' . Then, the action of H ti on K nA (£ n ) De > G F m (n 1 £ i ) y /p N 
is trivial, and we have 

= K niti 

= /c ni ^(^ n )^- 1 )^- 2 )/ 2 

= 1 

in F m (ni£i)y / p N . The proof of Claim l4~14l and Proposition 14.121 (3) is complete. □ 



4.4. In this subsection, we will define the Kurihara's elements x U)Q G (F£/p N ) x which 
become a key of the proof of Theorem 11.11 

Definition 4.15. Let qv = qYYi=i^i e -Mv, where q,£x, . . . ,£ r are distinct prime 
numbers. For a positive integer d dividing v, we define kd, q G (F*/p N ) x <g> (<S> e \ d Ht) 
by 

e\d e\d 

Let qv G A/jv and assume qv is well-ordered. Assume that for each prime number 
i dividing v, an element ag G RF m ,N.x ® Fit is given. Then, we have an element 
ai G RF m ,N,x sucn that at = at® &£. Note that we will take {ag\t\ u explicitly later, 
but here, we take arbitrary one. 

For a positive integer d dividing v, we define the element a d by 

a d := (g) a e G R Fm ,N, x ®{®H £ ), 

t\d l\d 

and the element a d G RF m ,N, x by 

ad = Od ® ( cr^) . 

Note that we write the group law of (F£/p N ) x ® ((SW-^V) multiplicatively. 
Definition 4.16. We define the element x VA by 

x v , q ■= JJ a d <g> k„ m , G (F*/p N ) x <g> ( . 
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Note that we naturally identify the i?p m ^^-module (F£/p N ) x <g> {(£)M d He) with 

(F*/p N ) x ® RFm!N>x R FmiN>x ® ( (g) H e ). 

i\d 

The element G (F£/p N ) x is defined by 

The following formulas follows from Proposition 14.121 easily. 

Proposition 4.17 (cf. |Kuj Proposition 6.1). Let qv G Mn and we assume that qv 
is well- ordered. 

(1) If X is a prime ideal of K not dividing n, the A- component of fov,q[F m ,N,x ^ s 0- 
In particular, if s is a prime number not dividing qv, we have 

[ x vMF m ,N,x = 0- 

(2) Let £ be a prime number dividing v . Then, we have 

\ X v,<l\F m ,N,x = ~4 > F m ,N,x( X »/t,<l)- 

(3) Let £ be a prime number dividing v. Then, we have 

^F m ,N, X ( X ^<l) = ^F m ,N, x ^ Xv l 1 ^- 

5. An application of the Chebotarev density theorem 

Recall that we fix a family of embeddings { £^. Q c ^ Q e }^ P rime satisfying the 

technical condition (A) for families of embeddings as follows. 

(A) For any subfield K C Q which is a finite Galois extension of Q and any 
element a G Gal(A/Q), there exist infinitely many prime numbers £ such that 
£ is unramified in K/Q and [Ik-, K/Q) = o , where £k is the prime ideal of K 
corresponding to the embedding £q\k- 

Note that the existence of such a family of embeddings follows from the Chebotarev 
density theorem. We need the condition (A) in the proof of Proposition 15. 1[ 

Here, we shall prove Proposition 15. 1\ which is the key of induction argument in the 
proof of Theorem 11.11 This proposition corresponds to Lemma 9.1 in |Kuj . 

Proposition 5.1. Let x £ A be a non-trivial character. Assume qn = qYYi=i^i 
A/jv, where q,£i, . . . ,£ r are prime numbers. Suppose the following are given: 

• an element n G RF m ,N, x ® Hit f or eac ^ i — 1, ■ ■ ■ ,r; 

• a finite RF m ,N, x - su ^ m odule W of (F£/p N ) x ; 

• a RF mi N,x'homomorphism A: W *■ RF m ,N, x - 

Then, there exist infinitely many q' G S^(F m (n)) which have the following properties: 
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(1) the class of q' F in A m>x coincides with the class of qF m ; 

(2) there exists an element z e (F£ ® Z p ) x such that 

( z )F m , x = (QF m - QfJ x e (x Fm <g> Zp) x , 

and 

for each i = 1, . . . , r; 

(3) the group W is contained in the kernel of n,y> an( ^ 

A ( X ) = 4>F m ,N, X ( x ) 

for any x G W . 

Proof. We shall prove Proposition 15.11 bv four steps, using argument as in [KuJ. 

The first step. Here, we first define a field F m {n} x , which is finite Galois over F m . 
Then, we take an element a E Gal (fT/Q(/i np iv)) corresponding to the conditions(l) 
and (2) of Proposition [3T71 where K := F m {n} x Q(fi np N) is the composition field. 

Let v be a prime ideal of F m . We denote the ring of integers of the completion F m „ 
of F m at v by Fmv , and define the subgroup Fmv of Fmv by 

°F m , v :={x\x = l (mod v)}, 

where v is the maximal ideal of Op mv . We denote the residue field of F m at v by 
k{v). 

Let F m {n} be the maximal abelian p-extension of F m unramified outside n. By 
global class field theory, we have the isomorphism 

(ILin F lv/°kJ * J8um F lJQ Fm J ^ Zp ^ Gal ( Fm{n }/F m ), 

where u runs all finite places outside n. This isomorphism induces the homomorphism 

l: ® v \ n k{vY®1 p -Gal(F m {n}/F m ). 

Taking the y-part, we obtain the homomorphism 

: ( W |„ Kv) x ® Z p ) x > Gal (F m {n}/F m ) x 

of Z p [Gal(F m /Q)] x -modules. We denote by F m {n} x the intermediate field of F m {n}/F n 
with Gal (F m {n} x /F m ) = Gal(F m {n}/F m ) x . 

Recall n = nj=i^> an d a ^ prime divisors l{ of n split completely in F m /Q. By 
local Artin maps, we obtain the isomorphism 

( 0„|n k (v) x ®Z p ) x ^ 0^ =1 (Z p [Gal(F m /Q)] x • £ iiFm ) ® i^, 

and we identify them by this isomorphism. We take an element 

r x = (r x>v ) v \ n e (0^) X ®Z P ) X 
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whose image in Q&=i( R F m ,N,x " kp m ) <8> H ti is (n • £i, Fra , . . . ,r r • £ r ,F m )- 

Let .K" := -F m {n} x (Q)(/Xpjv n ) be the composition field. Since the subgroup A of 
Gal(F m /Q) acts on Gal (F m {n} x /F m j (resp. Gal (F/v_i(n)/F m )) via \ (resp. trivial 
character) and x is non-trivial, we have 

F m {n} x n Q(ti npN ) = F m {n} x n Fjv-i(n) = F m . 

Then, we take the element a G Gal (K/Q(fi np N)) such that 

a \F m {n} x = l^ X ( T x)~ 1 ( ( lF m {n} x ,F m {n} x /F rn ). 

The second step. Here, we shall take an element A' G Gal (L/Q(yU p jv)) correspond- 
ing to the condition (3) of Proposition [5J\ where L is the extension field of Q(/i p iv) 
generated by all p N -th roots of elements contained in W. 

We define a projection pr: R Fm ,N >- Z/p N Z by 

^ a 9 9 1 — ► ai, 

96Gal(F m /Q) 

where a 9 G Z/p^Z for all g G Gal(F m /Q), and 1 G Gal(F m /Q) is the unit. We define 

A' G Hom(W / , /ipjv) by x i — > p^l* for all x G W. (Recall pat_i is a primitive p^-th 
root of unity defined in §4.11 ) We use the following well-known lemma. 

Lemma 5.2. Let P: Rom RFmNx (W, R Fm ,N, x ) >■ Hom(W, Z/p N Z) be the map given 

by f 1 — >* P r ° /■ Then, P is bijective. 

Indeed, the inverse of P is given by 

hl — M^ 1 — ► Yl h (g~ lx )9} e Rom RFmNx (W,R Fm>NjX ), 

^ 9 eGal(F m /Q) ' 

for h G Hom(W, Z/p N Z). Note that A acts on W via X; so we have 
ft° m R Fm , N ( W > R f™,n) = Hom RFm Nx (W,R FmtNtX ). 

The natural homomorphism 

WC(F*/ P N ) X ^ {®MVP N ) X 

is injective since we have if 1 (Gal (Q(/i p jv)/F m ),/i p jv) = 0. So, we regard If as a 

subgroup of (Q(/i p iv) x /p iV )^. Let L be the extension field of Q(/x p jv) generated by all 

p^-th roots of elements of F£ whose image in F£/p N is contained in W. We consider 
the Kummer pairing 

Gal (L/Q(/yv)) x W /V- 

This pairing induces the isomorphism HomfW, h p n) ~ Gal (L/Q(/i p jv)). We regard 
A' as an element of Gal (L/Q(/x p jv)) by this isomorphism. 

T/ie i/tirci step, i/ere, we show that K D L = Q(/j, p n). 
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Since we have the natural isomorphism 

Gal (Q0vO/Q) - Gal (QM/Q) x Gal (Q(fi pN )/®(fi p )), 

we regard Gal (QO P )/Q) as a subgroup of Gal (Q(/yO/Q). Let c e Gal (Q(a* p )/Q) 
be the complex conjugation. Namely, c is the unique element of Gal (Q(avv)/Q) of 
order 2. Since KL/Q{^ p n) is an abelian p-extension, we regard Gal (KL/Q([j, p n)) as 
a Zp[Gal(Q(/! p jv)/Q)]-module. We have a decomposition 

Gal (KL/Q(fi pN )) = Gal (KL/Q(/i p n)) + x Gal (KL/Q(/j p n)) _ , 

where Gal (KL/Q([i p n)) + (resp. Gal (fCL/Q(/z p iv)) _) denotes the subgroup of 
Gal (KL/Q(/j, p n)) on which c acts trivially (resp. by —1). 

The element c acts on Gal (K/Q([i p n)) trivially since K is the extension field of 
Q(yUpjv) generated by all elements of F m {n} x F m (n), which is totally real. On the 
other hand, The element c acts on Gal (L/Q(/i p jv)) by —1 since Gal (Q(/i p )/Q) acts 
on Gal (L/Q(/i p jv)) via the character Y -1 ^ where oj G Horn ( Gal (Q(/x p )/Q) , Mp-i) 
is the Teichmiiler character. Hence we have 

KDL = Q(h p n). 



The fourth step. We shall complete the proof. 

By the third step and the condition (A), there exists infinitely many prime numbers 
q' such that 

'(q' K ,K/Q) = a 
(q' L ,L/Q) = \i. 

We shall prove that each of such q' unramified in L/Q satisfies conditions (l)-(3) of 
Proposition 15.11 

First, we show q' satisfies conditions (1) and (2). Let a = (a v ) v G A Fm be an idele 
whose (^-component is a prime element of F mA ' p , and other components are 1. Let 
= {P v )v ^ &f be an idele such that the gi? m -component is a prime element of 
F m , qFm i the n„|„ i^-component is f^ 1 which is a lift of r" 1 G (H v \ n k(v) x ® %p) x 
in riu|n^F m „' ano - other components are 1. By definition, ideles a and have the 
same image in 



(Ylv\n^m,v/^F m , v ) X (©it+n F mu /0 F J ^ 

! ! : — (8 

m 

This implies there exist z G (F£ ® Z p ) x such that 



Z P J ~Gal(F m {n} x /F m ). 

/ Y 



a = z 



u|n «t n 



X 



Hence, we have (»F m , x = {q' Fm - <?fJ x , and 4>% mtN ^{z) = n for each i = 1, . . . , r. The 
prime number g' satisfies conditions (1) and (2). 
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Next, we shall prove q' satisfies condition (3). Since q' is unramified in L/Q, the 
group W is contained in the kernel of [} q Fm N x - Since (q' L , L/Q) = A', for any x G W, 
we have 

where Fr q i G Gal(L/Q) is the arithmetic Frobenius at q', and x 1//pJV G L is a p^-th 
root of x. Then, we obtain 

p P Zf ) = x (Q '- 1)/pN (mod^). 

There is the (unique) intermediate field M of F m (q')/F m whose degree over F m is 
p^ since q' = 1 (mod p^). Let 7r be the prime element of Mjv, g ' . By definition of 
cr g /, we have 



7i" v 1 = Pjv-i (mod g' M )> 
where g' M is the maximal ideal of M q i . Recall that W is contained in the kernel of 

[■\F m ,N,x- B V de fi nition of &F m ,N, x > we have 

= x w-i)/p n (mod 

for all x G W 7 , where we put 



Then, we have 



x«~^ N = p7> nJX) (mod TO 
for all x G VF. Hence, we obtain 

PN-1 ~ HN-l 



for all x G W 7 . By Lemma l572| we have A = <ft Fm n x \w- Therefore q' satisfies condition 
(3) of Proposition I5.1[ and the proof is complete. □ 



6. The cyclotomic ideals 



Here, we will define the z-th cyclotomic ideal €i of A for each % > (cf. Definition 
HP - Recall we denote Z/p N [GaA(F m /Q)} by R Fm ,N- First, we fix m and N. 

Definition 6.1. For n G A/jv, we define Wp m ^ N to be the i?F mi 7v-submodule of F£/p N 
generated by -j> m ,7v(0 I ^ G /i„}. 

Definition 6.2. Recall we put e(n) := r for n = YYi=i^i e -Mv (-^ G •S'jv f° r * — 
1, . . . , r). We denote by £i,F m ,N the ideal of RF m ,N generated by images of all RF m ,N~ 

homomorphisms /: Wp m ^ N ^ RF m ,N , where n runs through all elements of TVjv 

satisfying e(n) < i. 

Remark 6.3. Since we have decomposition 

Hom RFmN {W^ mtN ,R Fm ,N) = ^nom RFmNx {W^ NtX ,RF m ,N, x ), 

X6A 
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the x _ P ar t £i,F m ,N, x °f £i,F m ,N coincides with the ideal generated by Im/ X of RF m ,N,x> 
where f x runs through all elements of Hom# Fm N, x 0^F m ,N,x' ^ F m,N,x) f° r an y n e -Mv 
with e(n) < i. 

Then, we will define the z-th cyclotomic ideal £j by taking the projective limit of 
{£i,F m ,N}m,N- To define it, we need the following lemma. 

Lemma 6.4. Let m 1? m 2 , Ni, N 2 be integers satisfying iV\ > mj + 1, AT 2 > m 2 + 1, 
m 2 > mi, and N 2 > iVi. T7ie image of Ci tF n 2 ^ n R-F mi ,N 1 by the natural surjection 
is contained in £i,F m ,Ni ■ 

Proof. It is sufficient to show the lemma in the following two cases: 

(1) (m 2 ,N 2 ) = (mi,iVi + l); 

(2) (m 2 ,N 2 ) = (mi + l,JVi). 

In the case (1), our lemma is clear. We shall show the lemma in the case (2). 

We put m = mi, N = N\ = N 2 , Ri = R FmN , R 2 = Rp m+U N, and the natural 
surjection pr: R 2 »- Ri . We show the following claim: 

Claim 6.5. For f 2 G Hom. R2 (W F 1>N , R 2 ), there exists a homomorphism fi G 
Hom K2 (WP m+1)7V , Ri) such that Im/i = Im(pr o f 2 ). 

For each elements o G Gal(F m /Q), we fix a lift o G Gdl(F m+ i/Qi) of a. We have 
R G,i(F m+1 /F m) = { J2 a a an \ a a G Z/p N }, 

aeGal(F m /Q) 

where n is an element of R 2 defined by 

n := J2 T - 

reGal(F m+ i/F m ) 

We define the isomorphism ip; ^Gai(F m+ i/F m ) ^ ^ Q f ^i-modules by 

a a an i — > a a a. 

aeGal(F m /Q) <jeGal(F m /!Q) 

Let t: F£/p N >■ F^ +1 /p N be the canonical homomorphism. Since F m is totally 

real, the homomorphism i is injective. We have 

pr o f 2 = <p o f 2 o L o N Fm+l/Fm , 

where N Fm+1 / Fm : F^ l+l /p N F^ +1 /p N is induced by the norm map. Note that 

it follows from Lemma 14.41 that we have 

NF m+l/ F m (W Fm+uN ) = W FmtN . 
If we put f\ = if o f 2 o l, then we have 

hafi = Im(pr o f 2 ). 

Thus we have proved the claim. Our lemma follows from the claim immediately. □ 
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Definition 6.6 (The i-th cyclotomic ideal). We define the i-th cyclotomic ideal €i 
to be the ideal of A such that (£j := hm <£i,F m ,N, where the projective limit is taken 

with respect to the system of the natural homomorphisms £i,F m2 ,N 2 *- £i,F mi ,Ni 

for integers mi, m.2, Ni, N 2 satisfying N\ > m,\ + 1, N% > m 2 + 1, m 2 > mi and 
N 2 > JVi. 

We shall prove Proposition 16.71 which is a proposition on the size of Co- 
Proposition 6.7. Let x be a non-trivial character in A. Then, 



ann Ax (X fin , x )char Ax ((C^/C^) C C , x C char Ax ((^/^) x ). 



Proof. First, we will prove that £o,x contains annA x (Xfi njX ) char Ax ((C^/Coo)x) for 
a non-trivial character % G A. By Proposition 12.11 (2), we can take an isomorphism 
ip : - > A , and by Corollary I2.4[ it induces an isomorphism 

<p Fm ,N, x : (Noo(0 F J/p N ) x =(N O0 (0 F J/p N ) x ^R Fm , N , x . 

It follows from Corollary 14.21 that the image of C Fm in F£/p N coincides with Wp N . 
It is sufficient to show that for any 5 G ann Ax (Xfi niX ), 



<fy.F m ,Ar, x (the image of (C l F J x ) C 



.JV/ 



for a homomorphism ^ G Hom# Pm NtX (Wp mNx , RF m ,N, x ) since this means that the 



image of £ , x in RF m ,N, x contains the image of ann Ax (X firiiX ) char Ax ((C^/C^JJ in 
RF m ,N, x - We show a stronger assertion. 

Claim 6.8. Let J\fOp m ,N,x be the image of the natural homomorphism 
(N 00 (0 F J/p») x (O f Jp n ) x C (F*/p») x . 

There exists a homomorphism ip: MOf,n »- R-F m ,N which makes the diagram 

(C F JP N ) y — (N^OpJ/p*) R Fm!N , x 



W Fm>N , x < - WO Fm , N ) x 

commute. 

This claim immediately follows from the following lemma. 
Lemma 6.9. Let 5 be an element o/ann A (X^ njX ). For any homomorphism 

f- (Nao(0*J/p N ) y ^R Fm , N , x 
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-»- Rp m ,N, x which 



of RF mj N tX -modules, there exists a homomorphism g: J\TOf,n,x 
makes the diagram 



{Noo{0 F J/p N ) y 



Sf 



R 



Fm,N, X 



MO 



Fm,N, X 



commute. 



Proof of Lemma \6.9\ We consider the following commutative diagram 

o — (JVoo(0£J ® Zp) v » (0£ m ® z p ) y . ((0| m /iVoo(o^ m )) ® z*). 



xp 1 ' 



xp 1 



xp 1 ' 



— (^oo(O^) ® Zp) Y — (0£ m ® Zp). 



((0^.(0^)) ®Zp). 



0. 



where two rows are exact, and all vertical arrows xp N are the homomorphisms taking 
p -th power. Applying the snake lemma, we find that the kernel of the natural 

homomorphism ( K N O0 (0 Fm )/p N ') [O f /p N ) x is a subquotient of the module 



[mjN^Opj) ® z p ) y ~ (ol/^oo(oL))- 



which is annihilated by 5 by Corollary 12.61 This implies Lemma 16.91 



□ 



Next, we will prove that <£o,x is contained in charA x ((C^/CiJx) for a non-trivial 
character x G A. Note that RF m ,N, x is an injective RF m ,N,x~ module since the RF m ,N, x ~ 

module Homz(R Frri! N,xi Q/Z) is injective and free of rankl. Let /: Wp N x »- RF m ,N, x 

be an RF m ,N, x - homomorphism. Since RF m ,N, x is an injective i?F mi Ar iX -module, there 
exists a homomorphism /: (Op m /p N ) >■ R 



Fm,N, X 



whose restriction to Wl 



■ 'm>*';A ' ' Fm,N,X 

coincides with /. Then, we have an element a G Rf,n,x which makes the following 
diagram 



(°fJp n )v- -- - -»R 



F,N, X 



W Ln, x 

commute, where xo is the homomorphism multiplying a. This diagram implies that 
f(Wp mN ) is contained in the image of charA x ((C^o/C^Jx) in R.F m ,N,x- Therefore, 

□ 



we obtain £ , x C char Ax ((O^/C^)^. 



Theorem 11.11 for i = follows from Proposition 16.71 and the Iwasawa main conjec- 
ture. 
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Corollary 6.10 (Theorem 11.11 for i = 0). Let x be a non-trivial character in A. 

(1) £ , x CFitt Axi0 (X;). 

(2) ann Ax (X finiX )Fitt Ax ,o(X;) C £ , x . 

Note that Corollary 16. 101 is a restatement of the Iwasawa main conjecture in terms 
of 0-th cyclotomic ideal. Indeed, we can obtain char Ax (X x ) from this Corollary. 

Remark 6.11. Here, we remark on the structure of Aq. Using the Kolyvagin deriva- 
tives and the Euler system arguments, Rubin determined the structure of Aq com- 
pletely. (See |Ru2] for the minus-part version of this result.) We can show that our 
£i,F ,N,x i s equal to the ideal of Rf ,n,x generated by p 9( - l > N 'X\ where d(i, N, x) is the 
largest integer satisfying 



pd(i,N, x ) 



for any n with e(n) < i. Hence, when \ e A is non-trivial and N is sufficiently large, 
Rubin's result can be described as 

i>0 i>0 

in our notation. Equivalently, we have Fitt# Fo Nx ,i(A Q ) = <£i t F ,N, x for all i > 0, non- 
trivial x £ A and sufficiently large X. We also remark that Mazur and Rubin proved 
a general theorem in |MR] Theorem 4.5.9, which contains the above result as a special 
case. 



7. Proof of the main theorem 



In this section, we prove Theorem ll.il Our argument is almost parallel to |Kuj §9, 
but we have to treat the pseudo-null-part Xg n of X and the unit group Fm carefully. 

First, we recall the notation and the statement of the theorem. The A-module X 
is defined by X := hjriy4 m , where A m is the p-Sylow subgroup of the ideal class group 
of F m and the projective limit is taken with respect to the norm map. The A-module 
X' is defined by X' := X/Xg n , where X^ n is the maximal pseudo-null A-submodule 
of X. Our main theorem is as follows. 

Theorem 7.1 (Theorem 11. lft . Let x be a non-trivial character in A. 

(1) £o, x CFitt Ax , (X x ). 

(2) ann Ax (X fin , x )Fitt Axii (X x ) C € hX for i > 0. 

We have already proved Theorem 11.11 for i = in the last section. Here, we prove 
the second assertion for i > 1. 
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7.1. We spend this subsection on the setting of notations. 

We assume that y 6 A is non-trivial. Since X' has no non-trivial pseudo-null 
submodules, we have an exact sequence 

(1) — Aj-^AJ-^ — 0, 

by Lemma [331 Let M be the matrix corresponding to / with respect to the standard 
basis (ej)^ =1 of A£. Let {mi, m h } and {rti, n h } be permutations of {1, h}. For 
any integer i satisfying 1 < i < h — 1, consider the matrix Mj which is obtained from 
M by eliminating the n^-th rows (j = 1, and the m^-th columns (k = 1, 
Here, we shall prove that 5detMj G £ ix for any z G Z>i for any 5 G ann(Afi n ). If 
det Mi = 0, this is trivial, so we assume that det Mj ^ 0. If necessary, we permute 
{mi, ...,rrii}, and assume detM r ^ for all integers r satisfying < r < z. 

For each m G Z> , we take a positive integer N m such that and iV m+ i > N m > 
m + 1, and p^" 1 > #A m for any m G Z> . For simplicity, we put F := F m , R := 
Z p [Gal(F m /F )] x , N := N m and ^ := Rf,n, x = Z/p N [Ga\(F m /F )] x . Let A mMtX be 
the image of X& niX in An, x by the natural homomorphism. By Proposition 12. 2\ the 
-R-module ^4m, x := -^r m , x * s re g ar ded as the quotient A m)X j A m ^ x . From the exact 
sequence ([T]), we obtain the exact sequence 

R h — R h — 0, 

by taking the r m -coinvariants. 

The image of e r in P h is denoted by ef™ . We define Ci := gf(ei), . . . , := g{eh), 
and el™' 1 to be the image of c r in A„i tX / A m> Gn, x , namely := g{e^). We fix a lift 
cl"^ G A m%x of Cr m \ and define 

P r -.= {£eS N | [f f ] x = cW}, 

where [Xf] x * s the class of £p in A mjX . We define P := IJr=i Pr, an d -Pf to be the set of 
all the prime ideals of F above P. Let J be the subgroup of X F generated by Pp, and 
the -R-submodule J 7 of (F x £8>Z P ) X the inverse image of ( j£g>Z p ) x by the homomorphism 

(-)i?: (F x (g) Z p ) x >- (Xp ® Z p ) x . We define a surjective homomorphism 

«: (J®Z P ) X -flh 

by £p i — y e r for each I G P r and r with 1 < r < h. We define 

a r := pr r o tt: ( J g> Z p ) x ^ i? 



to be the composition of a and the r-th projection. 
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We define the homomorphism /3 : F *- R h to make the following diagram 



(2) 







F 



R h 



(J<8)Z 



a: 



R h 



AL 







A' 



commute, where can. is induced by the canonical homomorphism J - 
An,x/ 'An,Jn,x' Note that since the second row of the diagram is exact, (3 is well- 
defined. We define 



(3 r := pr r o f3: F ■ 



R h 



pr 



to be the composition of (3 and the r-th projection. 



We consider the diagram ([2]) by taking 
two lemmas, namely Lemma 17.21 and 17.31 



g) Z/pZ). First, we prove the following 
Lemma 7.2. The canonical homomorphism F/p N ^(F x /p N ) x is injective. 



Proof. Let x be an element in the kernel of the homomorphism JF/p 



N 



(F x /p m 



and x a lift of x in F. Then, there exists y G (F x <g> Z p ) x such that x = y pJV . 
Since (x)f, x e ® ^p)x anc ^ (Xf ® ^p)/(^ ® ^p) * s torsion free Z p -module, we have 
(j/)f,x G ( J £g> Z p ) x . Hence, y £ F, and we obtain a; = 1. □ 

The i?7v-module F/p N is regarded as a submodule of (F x /p N ) x by Lemma I7T21 

We regard (F x /p N ) x as a A x -module. For an element x 6 (F x /p N ) x and 5 G 
annA x (Xfi niX ), we denote the scaler multiple of x by 5 G A x by 



ar. 



Lemma 7.3. Lei [-]f,at,x be the homomorphism [F x /p Nx 
by {-) F :F X - 



(Zf/p 



v \ induced 



Xp . Let x be an element of(F x /p ) x such that [x]f,n,x 

(J/p N ) 



x- 



Then, for any 5 G annA x (X fin x ), x 6 is contained in F/p N C (F x /p N ' 



Proof. Recall the canonical exact sequence: 

>■ V *T K -A, 



0. 



where V is defined by V = F x /0 Fm . By the snake lemma for the commutative 
diagram 











V 







xp' 



xp 1 



xp 1 



V 



A r . 



we obtain the following exact sequence 
A m - V/p N - X K /p N 



A r . 



0. (Recall p Nm > #A m .) 
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Let B m be the image of J in A m , and Vo = J~ '/O f . Then, we have the exact 
sequence 

Vo J B m - 0, 

and by a similar argument as above, we obtain the exact sequence 

B m V /p N J/p N B m 0. 

Now, we obtain the commutative diagram 

(3) ^B m V /p N J/p N - 



B r , 







Ar 



V/p 



N 



Xp/p 



N 



Ar 







whose two rows are exact, and the vertical arrows are injective. Since SA m is contained 
in B m , our lemma follows from a diagram chase. □ 

From the first row of the diagram ([3]), we obtain the following corollary immediately. 

Corollary 7.4. The order of the kernel of the homomorphism [-}f, x '■ F/p N >■ J/p N 

is finite. 

Let n be an element of A/jv whose prime divisors are in P. We define Pp to be the 
set of all elements of P dividing n. We define J n to be the subgroup of J generated 
by Pp, and the submodule J-'^n of J- '/p N the inverse image of J n by the restriction of 
[■]-F,jv,x to T /p N . Note that T n ^ is a finite i?Ar-submodule of (F x /p N ) x by Corollary 
17.41 We have obtained the following commutative diagram 



•F n. 



N 



N 



(Jn/P f 



T)h 



7.2. Let 6 be a non-zero element of annA x (Xg n ). In this and the next subsection, we 
write 4> £ in place of 4 >l FNx for simplicity. Here, as in [Kuj, we shall take the element 
%v,q G (F x /p N ) x which is defined in Definition l4.161 to translate f3 r to homomorphisms 
of the type (fi e . Recall the element x UtQ G (F x /p N ) x is determined by q, z/, and {d(}i\ v . 
We shall take them as follows. 

First, we take a prime number q by the following way. For each integer r with 
1 < r < h, we fix a prime number q r G P nr . We put Q := rT r =i^ e -^v- ^ e 
Iwasawa main conjecture, we can take an isomorphism 



ooJX 



A, 
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which sends (u ■ cyc(p m ) x ) m>Q to detM . Let 

?f,n, x : (N 00 (O l F )/p N ) x ^UR N 

be the induced isomorphism by <p. Recall that we define NOp m) N, x to be the image 
of the natural homomorphism 

(Noo(0*J/p N ) x (0* F JP N ) x c (F£/P N ) X - 

By Lemma I6.9[ there exists a homomorphism ip: NOf,n, x *- Rn which makes 

the diagram 

(C F /p N ) x — (N 00 (0 F )/P N ) X ^ 

W l Fm , N , x Q *" NOf,n, x 

commute. By Proposition I5.1[ we can take a prime number q G Sn satisfying the 
following two conditions: 

(ql) the class of qF m in A m>x coincides with the class of qi F ; 

(q2) MOf,n, x is contained in the kernel of [-j^^x' an< ^ ^ or an x e NOf,n, X i 

ip(x) = 4> q (x). 

In particular, we have 

9 (cyc(p m )) = 4> q {u • cyc(p m )) 

= Sip F ,N, x (cyc(p m )) 

= 5detM . 

We replace q± by q. 

Next, we shall take v and \ai\i\ v . 

First, we consider the homomorphism /3 mi : Fq,n *■ Rn ■ Applying Proposition 

15. 1[ we can take £2 £ $n{F(Q)) such that £2 £ Pn 2 , @ Q2, and 

for all x G J-q,n- We put 1/1 := 1. 

In the case i — 1, we put z/ := ^ = 1, and = a;^ = K g (£, g ). It follows from 
Proposition 14.171 (1) and Lemma [7.31 that x\ is an element of J-~q,n- 

Suppose i > 2. To take f and {a^}^, we choose prime numbers £ r for each r with 
2<r<i + lby induction on r as follows. Let r be an integer satisfying 2 < r < i + 1, 
and suppose that we have chosen distinct prime numbers 4 G Sn{F(Qu s _i)) for each 
s with 2 < s < r — 1. We put z/ r _! := ni=2^- We cons ider the homomorphism 

/?mi : ^Qv r -x,N >- Rn- Applying Proposition 15. 1\ we can take i r G Sx{F{Qv r _])) 

satisfying the following conditions: 
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(xl) t r G P Hr , and i ^ q r ; 

(x2) there exists b r G (F x <g) Z p ) x such that {b r )F, x — (@r,F — Qr,F) x an d 4> is {b r ) = 

for any s with 2 < s < r; 
(x3) = f3 mr _ 1 (x) for any x G J^q^^n- 

Thus, we have taken £ 2 , • • • , A+ij and we put z/ := z/j = [1^=2^ e -^v- For eacn r 
with 2 < r < i, we put a^ r := —(p er (b r ) G -Rjv <S> Hi r , and we obtain G (F x /p N ) x . 
It follows from Proposition 14. 171 (1) and Lemma T7.3I that x 5 vq is an element of J-q^at. 
Note that gz/ is well-ordered. 

7.3. In this subsection, we observe two homomorphism a and /3 by using x n>q , and 
describe detMj in R^. First, we prepare the following lemma. 

Lemma 7.5 (cf. |Kuj Lemma 9.2). Suppose i>2. Then, 

(1) Pm T ^( x t, g ) = f° r al1 r mth 2<r<i; 

(2) <Xj([x Vtq ] FtX ) = for any j ^ n u . . . , n*. 

Proof. The second assertion (2) of the above lemma is clear by Proposition 14. 1 71 ( 1 ) . 

We shall prove the first assertion. For any r satisfying 2 < r < i, we have 
a([6 r ]i? )X ) = since (b r )p )X = (@r,F ~ Qv,f) x - Then, by the definition of 0, we have 
p{b r ) = 0. We put 

yr = x u , g f[bf ea{x ^\ 

s=r 

then we have (3(x 5 uq ) = (3(yf). We will prove Pmr-iiVr) = ® for any r satisfying 
2<r <i. 

By Proposition 14.171 (2), we have [y r }F,N, x e Jqu t -u and then, by Lemma I7T31 we 
have G J-q Vt _ u n- Therefore, we obtain 

by the condition (x3). Since 4> (b s ) = for all integers s satisfying r + l<s<iby 
the condition (x2), we have 

By Proposition 14.171 (3), we have 

^(x v , q bf r {x ^" ) ) = -^(b r )^(x Wir>g ) + ^(x u/ertq )^(b r ) = 0. 
Therefore, we obtain Pm^x 6 ^) = f5 mr _ 1 {y 5 r ) = 0. □ 

The goal of this subsection is the following proposition. 

Proposition 7.6 (cf. [KuJ p. 44). We have the following equalities on elements of 
Rn'- 

(1) 5(detM)^( Xl , q ) = ±6 2 (detM 1 )<p F>NjK (cyc(p m ) x ); 

(2) 5(detM r _ 1 )0 £ ''+ 1 (x 1 , ri g) = ±6(detM r )i^(x Vr _ uq ) for any r with 2 < r < i, 
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where the signs ± in (1) and (2) do not depend on m. 



Proof. For each r satisfying 1 < r < i we put 

x< r > := (3(x 5 u J G R% and y« := a(x s v J G 

and regard them as column vectors. Then, we have y^ r ^ = Mx' r ' in R 1 ^. 

We first prove the assertion (1) of the above proposition. Since x\ q is an element 
of J-q } Ni we have 

y (1) = Wff 

= -5<f(cyc(p m ) x )e^ (by Proposition WM (2)) 

= -5 2 ^F,7V,x( c y c (Pm) x ) e iT ) (by condition (q2)). 

Let M be the matrix of cofactors of M. Multiplying the both sides of y^ = Mx' 1 ' 
by M, and comparing the mi-st components, we obtain 

(-l) ni+mi+1 (detM 1 )5 2 ^ jJV)X (cyc(p m ) x ) = (det M)(3 mi (x{j. 

By condition (x3) for £ 2 , we have fi mi {x\ .) = 54> e ' 2 (xi^), and the assertion (1) follows. 

Next, we assume i > 2, and we shall prove Proposition 17.61 (2). The proof is 
essentially the same as the proof of assertion (1). It is sufficient to prove the assertion 
when r = i. We write x = xW and y = yW. Let x' G R!^~ l+1 be the vector obtained 
from x by eliminating the m^-th rows for j = 1, ...,i — 1, and y' the vector obtained 
from y by eliminating the nfc-th rows for k = 1, — 1. Since the m r -th rows of x 
are for all r with l<r<i — lby Lemma \7. 51 (1). we have y' = Mj_ix'. We assume 
the m^-th component of x' corresponds to the m r th component of x, and the n^-th 
component of y' corresponds to the 7ij-th component of y. By Lemma 17.51 (2) and 
Proposition 14.171 (2). we have 

y' = -S^(x Ui _ uq )e'^\ 
where (e'\ m ')^~l +1 denotes the standard basis of R^ t+1 . 

Let Mj_i be the matrix of cofactors of Mj_i. Multiplying the both sides of y' = 
Mj_ix' by Mj_i, and comparing the m^-th components, we obtain 

(_!)< +<+\detM l )5^{x Vi _ uq ) = (detM l _ 1 )(3 mi (xl tq ). 

By condition (x3) for £ i+ x, and since x & n q is an element of Pq u ,n, we have 

^« 9 ) = ^ +1 (^)- 
Here, the proof of Proposition 17.61 is complete. □ 



7.4. Now we prove Theorem 11.1 



Proof of Theorem \1.1\ . We may vary m in the proof of Theorem 11.11 So, the element 
¥ r+ ^u r , q ) eR N = (Z/p N ™)[Gal(F m /F )] x defined in §6.2 is denoted by ^{x UrS ) m . 
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By induction on r, we shall prove that (<// r+1 (x Ur:q ) m ) m>Q converges to ±5 det M r G 

A x , where a sequence (a m ) m > G n m >o^m,Jv m ,x is said to converge to b = (b m ) m > G 
lim >q RF m ,N m , x — A x if for each m, there exists an integer L m such that the image 

of a m / in R.F m ,N m , x coincides to b m G RF m ,N m , x f° r an y m ' > L m . 

First, we consider the equality 5 (det M)(j/ 2 (xi >q ) m = ±<5 2 (det Mi)<^7v iX (cyc(p m ) x ). 
Since the right hand side converges to ±5 2 (det Mi) (det M) and both S and det M are 
non-zero element, we find that (0^ 2 (£i,«j) m ) m>o converges to ±5 det Mi. (Note the 
sign ± does not depend on m, see Proposition IT.6j) . 

Next, we assume that w er {x Vr _ 1>q ) m ) converges to ±5detM r _i. Then, the right 
hand side of 5 (det M r _ 1 )(f) ir + 1 (x l/riq ) = ±<5(det M r )^ er (x Vr _ uq ) converges to 
±5 2 (det M r )(det M r „ 1 ). Since we take det M r _i ^ 0, the sequence (4> er+1 ( x u r ,q)m) m>0 
converges to ±<5detM r . 

By induction, we conclude (4> ei+1 (x Utq ) m ) converges to ±5detMj. Since (x Vi q) m G 
Wp U N with e(qv) = i, we have <t> ti+1 (x V)q ) m G £i,F m ,Nx f° r au m e ^>o- Hence we 
have S det Mj G €j iX . This completes the proof of Theorem ll.il □ 

Remark 7.7. We remark on the higher Fitting ideals of the trivial character parts of 
X and X'. Let 1a be the trivial character in A. It is a well-known fact that X\ A = 
(cf. [WaJ Proposition 15.43). In particular, we have 

Fitt AlA ,(XiJ = Fitt AlAji (XjJ = A u 

for i > 0. 

7.5. Here, we remark on some application of Theorem ll.il 

For each ideal / of A x , we denote the unique minimal principal ideal of A x containing 
I by V(I). Since A x is UFD, the ideals V(I) are well-defined. Recall that we denote 
the smallest number of generators of an i?-module M by vr(M) (cf. §3). We obtain 
the following corollary of Theorem 11.11 

Corollary 7.8. Let x be a non-trivial character in A. Then, 

Fitt Axii (Xj C Fitt Axii (X x ) C V(€i iX ) 
for all i > 0. In particular, ifV(<Ei x ) ^ A X; then we have z/ Ax (X x ) > i + 1 and 

VA x (X x )>i + l. 

Proof. Since X' x is a quotient module of X x , we obtain the first inclusion 

Fitt Axii (X x ) C Fitt AxiJ (X x ). 
The second inclusion follows from Theorem 11.11 immediately. □ 

Remark 7.9. Let \ G A be a non-trivial character. Since X x is pseudo-isomorphic 
to X' we have char Ax (X x ) = char Ax (X x ). Since ann Ax (Xg n)X ) is an ideal of A x whose 
index is finite, we have char Ax (X x ) = Fitt Aj£> o(X' ) = P(£o lX ) by Lemma I3T31 and 

Theorem 11.11 for i — 0. By Proposition 16.71 we have V(€o, x ) — char Ax ((O^/C^)-^. 
Hence Theorem 1.1 is a refinement of the Iwasawa main conjecture. 



30 



TATSUYA OHSHITA 



From Corollary I7.8[ we obtain the following results on the higher Fitting ideals of 

A m ,x and A m ^ x . 

Corollary 7.10. Let x be a non-trivial character in A. For each m > 0, we denote 
the image ofV{C itX ) in R Fm , x = z P [Gal(F m /Q)] x by V{C iiX ) m . Then, 

™R Fm , x Mm, x ) C Fitt^ ro>xii (^ !X ) C P(C ijX ) m 

for all m > and i > 0. In particular, ifV(£i )X ) ^ A x , then we have vn Fm x (A mtX ) > 
i + 1 and v Ax (A' m>x ) > i + 1. 

Remark 7.11. We can know more about vr p (An,*) an d v R Fm (An,x) by direct 
application of the result in |MRJ (see Remark 16. lip without using Theorem 11.11 Let 
X G A be a non-trivial character. Suppose iV is sufficiently large. By Nakayama's 
lemma, the following conditions are equivalent: 

(1) dim Fp v4 , x /p = i + 1; 

(2) u Ax (X x ) = t + 1; 

( 3 ) ^ miX (An, x ) = * + i; 

(4) Fitt Axii (X x ) + A x and Fitt Ax , i+1 (X x ) = A x ; 

(5) Fitt_R Fm X)i (A m]X ) 7^ -RF m , x and Fittfl FmjX , li+ i(A7i,x) = ^m.x! 

(6) £i,F m ,N ^ RF m , x and £i+i,F m ,N = RF m , x - 
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